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ABSTRACT 
Research on copositive quadratic forms has produced the result that every positive 
semidefinite, nonnegative matrix has a nonnegative factorization (i.e., is completely 
positive) if and only if n < 4. Furthermore, necessary and sufficient conditions for a 
matrix to have a triangular, nonnegative factorization for all n are known. In this 
paper interesting connections are established between M-matrices, completely posi- 
tive matrices, and triangular, nonnegative factonzations. 
1. INTRODUCTION 
Research into copositive matrices [l-6] has produced the results [6] that 
every positive semidefinite, nonnegative matrix is completely positive if and 
only if n < 4, and that a positive semi-definite, nonnegative matrix has a 
triangular, nonnegative factorization (n arbitrary) if and only if certain 
determinantal conditions hold. In this paper we establish that every sym- 
metric M-matrix has a triangular M-matrix factorization and that the inverse 
of every symmetric M-matrix has a triangular, nonnegative, factorization. 
2. PRELIMINARIES 
We state the following definitions: 
DEFINITION 1 (Hall and Newman, Markham). A symmetric matrix 
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B .R”‘” is completely positive if, for some integer p, it has the factorization 
B= FFT, FERnXp, F$O, i=l ,***> n, j=l,..., p. (1) 
DEFINITION 2 (Ostrowski). An M-matrix is defined to be a matrix 
A ERnX” such that uii < 0, i# j, possessing one of the following three 
equivalent properties: 
(a) A is nonsingular and the elements of A - ’ are nonnegative. 
(b) All principal minors of A are positive. 
(c) There exist n positive numbers xi such that 
i: uijXt>O, i=l,..., n. 
j=l 
(4 
3. MAIN RESULTS 
With the above notation and definitions in mind, we now state and prove 
the following results. 
THEOREM 1. Every symmetric M-matrix A E Rnx” has the representa- 
tion A = GG T, where G is a triangular M-matrix. 
Proof, The proof, which is by induction, follows closely that which is on 
page 229 of [7]. Let A, be an n-dimensional symmetric M-matrix. As it is 
symmetric it is also positive-definite (see Definition 2(b)). Let us now 
suppose that the Theorem is true for (n - 1). We can write 
(3) 
where b is a nonpositive vector and A,_ i is a symmetric M-matrix of 
dimension n - 1. By hypothesis, then, there is a triangular M-matrix G, _ 1 
such that 
Clearly G,,_, is nonsingular. Hence there exists 
G,,-lc= b, 
c such that 
(4 
(5) 
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and as G,,_ i is an M-matrix and b < 0 it follows that c < 0. 
Now for any value x we have 
so that if we define x>O by the equation 
cTc+x2=ann, (7) 
we have a triangular M-matrix decomposition of A,. Indeed, from the fact 
that 
a tM1 -cTc=ann- bT(Gn_,G,,_,y-lb 
= a nn- bTA;_‘,b=det(A,)/det(A,_,)>O, (8) 
we see that the definition of x via (7) is valid. The Theorem now follows by 
induction, since it is obviously true for n = 2. n 
THEOREM 2. The inverse of every symmetric M-matrix A E R nXn is a 
positive definite, nonnegative matrix which has a factorization A - ’ = FF T 
with F a triangular, nonnegative matrix. 
Proof. By definition of an M-matrix, its inverse is nonnegative. 
Moreover, as we are dealing with a symmetric M-matrix, its inverse is also 
positive definite. By Theorem 1 we have that this inverse is (GGT)-‘, where 
G is a triangular M-matrix. Clearly G -i is also triangular and is nonnegative, 
so setting F = (G - l)T proves the theorem. n 
Note that Theorem 2 implies that the inverse of every symmetric M- 
matrix is completely positive. 
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